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We propose a lattie Boltzmann approah for simulating ontat angle phe-

nomena in multiphase �uid systems. Boundary onditions for partially-

wetted walls are introdued using the moment method. The algorithm with

our boundary onditions allows for a maximum density ratio of 200000 for

neutral wetting. The ahievable density ratio dereases as the ontat angle

departs from 90◦, but remains of the order O(102) for all but extreme ontat

angles. In all simulations an exellent agreement between the simulated and

nominal ontat angles is observed.
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1. INTRODUCTION

Wetting of solid strutures is an interesting phenomenon in nature and

also of muh importane in many tehnial proesses. For instane, in on-

densers it is desirable to have a large angle of ontat between a liquid and

solid in order to promote drop-wise, rather than �lm-wise, ondensation [14℄.

The opposite is true for the ase of evaporators, where a losed liquid �lm

�ow an be supported with a small ontat angle. The ontat angle θ an

be observed at the three-phase line where solid, liquid, and vapour meet. A

ontat angle of θ = 90 ◦
is usually alled neutral wetting. Smaller or larger

angles ause mostly wetting or mostly dewetting, respetively [9℄.

With inreasing omputational resoures, the numerial modelling and

simulation of physial phenomena beomes more and more important. Tra-

ditional omputational methods for multiphase �ow are disretisations of

the marosopi equations of motion (see Prosperetti and Tryggvason [31℄

for a review). A relatively new method based on a mesosopi desription

of a �uid, namely the lattie Boltzmann method (LBM), has been gaining

prominene in reent years (for a review, see Chen and Doolen [8℄, Yu et al.

[42℄, Aidun and Clausen [1℄). The LBM is derived from a veloity�spae

trunation of the famous Boltzmann equation with a simpli�ed ollision oper-

ator [18℄. One further disretised in spae-and-time, the resulting numerial

algorithmmay be e�iently implemented on modern parallel omputer arhi-

tetures [2, 10, 40℄. The primary variable in the LBM is the disrete-veloity

distribution funtion. Marosopi quantities, suh as density, momentum,

and stress, are determined by taking disrete moments of the distribution

funtion.
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The �rst generation of multiphase lattie Boltzmann models are often

referred to as �olour gradient� models [33, 13℄. The interfaial dynamis

are predited using the gradient of an order parameter (the �olour�) used to

distinguish between the two �uids. Although improvements have been made

to the original model [12, 32, 24℄, olour�gradient approahes an still su�er

from numerial instabilities at high density ratios and an be omputational

expensive due to the neessary �reolouring� step in the algorithm. The pop-

ular pseudo-potential model of Shan and Chen [35℄ introdues a long-range

interation fore to promote phase segregation. To improve its numerial

stability, Kuzmin et al. [23℄ extended the Shan�Chen model from a single- to

a multiple-relaxation time algorithm, and Sun et al. [37℄ have performed an

investigation into the auray of the equation of state in the model. Despite

further enhanements to redue so-alled spurious urrents and inrease the

attainable density ratio [34, 11℄, the model remains thermodynamially in-

onsistent, as has been demonstrated by Swift et al. [38℄ and He and Doolen

[15℄. Motivated by this, Swift et al. [38℄ introdued their free-energy lat-

tie Boltzmann equation, whih employs a Cahn�Hilliard equation for phase

dynamis. Although the original formulation laks Galilean invariane, this

may be restored by adding a orretion term into the equilibrium distribution

funtion [20℄. A major extension of the model was provided by Inamuro et al.

[21℄, who were the �rst to present a multiphase lattie Boltzmann model a-

pable of simulating �ows with a density ratio of the order of 103. This was

ahieved by foring exat inompressibility of both phases, but ame at the

ost of alulating the pressure iteratively via a separate Poisson equation.

Like other models, free-energy LBMs su�er from parasiti urrents in the
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viinity of an interfae. Wagner [39℄ argued that these are due to inonsis-

tent disretisations of the foring terms and found that using a potential form

of the surfae tension term (instead of a pressure form) dramatially redues

this spurious phenomena. Further progress was made by Jamet et al. [22℄

before a onsistent and isotropi free-energy based LBM was proposed by Lee

and Fisher [26℄. Despite the novelty and suess of the Lee�Fisher model,

it has some di�ulty in inorporating marosopially onsistent boundary

onditions [27, 28, 41, 25℄. For example, boune-bak onditions must be ap-

plied halfway between nodes in order to ahieve seond-order auray [16℄.

Furthermore, numerial slip errors due to the ombination of boune-bak

and a single relaxation time ollision operator inrease with the lattie vis-

osity, requiring a highly resolved mesh for low Reynolds number �ow. This

adds additional ompliations to multiphase LBMs whih usually impose

ontat angle onditions at a wall.

In this paper we propose a new approah to model partially-wetted walls

with lattie Boltzmann methods. We ombine two approahes, namely mo-

ment method [4℄ and free-energy boundary onditions for multiphase �ow [6,

5℄. This new wall boundary ondition may be employed, in priniple, for a

variety of multiphase or multi-omponent lattie Boltzmann models.

2. NUMERICAL MODEL

2.1. Multiphase Lattie Boltzmann Equation Model

We employ the Lee�Fisher model [26℄, whih has followed from the on-

tributions of He et al. [19℄, Jamet et al. [22℄, and Wagner [39℄. Its most

remarkable features are its ability to attain large density ratios and greatly
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redued spurious urrents at the liquid�vapour interfae.

The Lee�Fisher model is obtained from a Crank�Niolson disretisation

of the disrete-veloity Boltzmann equation for distribution funtions fq =

fq(x, eq, t) with an interfae foring term. The resulting algorithm may be

written as [26, 19℄:

f̄q (x+ eq∆t, t+∆t)− f̄q (x, t) = Cq + Fq, (1)

where the transformed distribution funtions f̄q are de�ned in Eq. (2). The

ollision term Cq, de�ned in Eq. (5), relaxes f̄q to its (transformed) equilibria

f̄ eq
q while the fore term Fq (. f. (6)) imposes the surfae tension. The left-

hand side of the above equation represents a perfet shift of the distribution

funtion f̄q in the diretion q from node x at time t to a neighbouring node

x+ eq∆t at the new time step t+∆t. The stenil is de�ned by Eq. (8).

The transformed funtions f̄q and f̄ eq
q depend upon fq and their equilibria

f eq
q as follows:

f̄q = fq +
fq − f eq

q

2τ
−

f eq
q ∆t

2̺c2s
(eq − u) · F , and (2)

f̄ eq
q = f eq

q −
f eq
q ∆t

2̺c2s
(eq − u) · F , (3)

whereby

f eq
q = wq̺

[

1 +
eq · u

c2s
+

(eq · u)
2

2c4s
+

u2

2c2s

]

(4)

is the equilibrium distribution funtion from the disrete-veloity Boltzmann

equation [17℄. Herein, eq and u are the mirosopi and marosopi veloi-

ties, respetively, and the speed of sound cs = 1/
√
3 is a lattie onstant.
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In the model of Lee and Fisher [26℄, the ollision term is de�ned by:

Cq, SRT = −
1

τ + 0.5∆t

(

f̄q − f̄ eq
q

)

, (5)

utilising a single-relaxation time τ (SRT). The fore term Fq an be expressed

as [26℄:

Fq =
(eq − u) · F

̺c2s
f eq
q ∆t, (6)

and the fore vetor by

F = c2s∇̺− ̺∇µ, (7)

where µ is the hemial potential (de�ned in Eq. (16)), and ̺ is the mass

density. We follow Lee and Fisher [26℄ and disretise the gradient terms

in Eqs. (2) and (3) using both entral and upwind shemes. A detailed

disussion of the need for ompat gradient disretisation an be found in

[26, 29℄.

We onsider a 9-point lattie with mirosopi veloities

eq =



























(0, 0)T, q = 0

(cos[0.5(q − 1)π], sin[0.5(q − 1)π])T, 1 ≤ q ≤ 4

(cos[0.5(q − 5)π + 0.25π], sin[0.5(q − 5)π + 0.25π])T, 5 ≤ q ≤ 8,

(8)

where T denotes transpose, and weighting fators

wq =



























4/9, q = 0

1/9, 1 ≤ q ≤ 4

1/36, 5 ≤ q ≤ 8.

(9)
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The hydrodynami quantities are obtained via disrete moments of the

transformed distribution funtions. For example, the mass and momentum

are omputed from

̺ =
∑

q

f̄ eq
q =

∑

q

f̄q, and (10)

̺u =
∑

q

eqf̄
eq
q +

∆t

2
F =

∑

q

eqf̄q +
∆t

2
F . (11)

By performing a Chapman�Enskog expansion (see, e. g., Chapman and Cowl-

ing [7℄) it an be shown that the Lee�Fisher lattie Boltzmann equation

approximates the following equations of motion for mass and momentum in

the marosopi limit:

∂t̺+∇ · (̺u) = 0, (12a)

∂t (̺u) +∇ · (̺uu) = −∇p+∇ ·
[

η
(

∇u+ (∇u)T
)]

+ F +O(Ma3),

(12b)

where η is the dynami visosity and is a funtion of the relaxation time τ :

η = ̺c2sτ . The Mah number is Ma = u/cs << 1.

2.2. Boundary Condition Model

Boundary onditions are vital for all numerial methods. For the lattie

Boltzmann algorithm we must supply (for a �at boundary) three inoming

distributions, f̄q (not neessarily fq), where eq points into the �uid. It is om-

mon, and seemingly natural, to impose boundary onditions diretly upon

these distribution funtions (as is the ase for boune�bak, for example). Al-

ternatively, we may take advantage of the invertible relationship between the
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veloity basis and the moment basis. Now we an onsider applying bound-

ary onditions to the moments of the veloity distribution funtion and then

translating these into onditions for the inoming f̄q. Imposing onstraints

upon the hydrodynami moments (veloity, pressure, stress) allows for the

exat satisfation of the required boundary onditions (suh as no-slip) pre-

isely at grid points, and may be partiularly onvenient for imposing ontat

angles and Neumann�type boundary onditions.

2.2.1. Partial-wetting ondition

The boundary onditions at the wall read (for details see de Gennes et al.

[9℄ and Lee and Liu [27, 28℄):

ns ·∇̺s = −
φ1

κ
, (13a)

eq ·∇̺s = 0, (13b)

eq ·∇µs = 0, (13)

where ns denotes the normal to the solid surfae. Equations (13b) and (13)

ensure no �ux through the solid surfae, whereas Eq. (13a) determines the

ontat angle. It shall be stressed that Lee and Liu [27℄ utilised the density

̺ as a phase index in a single-omponent two-phase �ow. Lee and Liu [28℄,

however, proposed the same equation for a binary �uid, but with the phase

index ϕ instead of the density ̺.

The other variables in equations (13) are the surfae tension parameter

κ and φ1, whih an be determined with

φ1 =
Ω

4
(̺l − ̺v)

2
√

2κβ (14)
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Herein, ̺l and ̺v are the saturation liquid and vapour densities, respetively,

and β is a ompressibility fator. The non-dimensional wetting potential Ω

an be evaluated with

Ω = 2 sgn
(π

2
− θeq

){

cos
(α

3

) [

1− cos
(α

3

)]}1/2

, (15)

and cosα = (sin θeq)
2
, θeq being the ontat angle at equilibrium. The fun-

tion sgn returns the sign of its argument.

Unlike the gradient onditions (13b) and (13), whih have to be applied

to all derivatives in the fores term (7), the ondition (13a) is applied in the

interfae term of the hemial potential only:

µ = µb + µint + µ
A

= µb − κ∇2̺+ µ
A

. (16)

The terms µb, µint and µ
A

are those of the bulk phases, the interfae, and

arti�ial hemial potential, respetively. The interfae term (2

nd

term in

Eq. (16)) is disretised in the same manner as Lee and Liu [28℄. The arti�ial

hemial potential has been introdued into a binary-�uid model in order to

inrease the stability of the numerial sheme and reads [28℄:

µ
A

=











2β
A

ϕ, for ϕ < 0

0, else,

(17)

wherein ϕ = (̺− ̺v) / (̺l − ̺v) is the phase index. It shall be stressed that

the arti�ial hemial potential ats in ases of spuriously low densities only.

In order to utilise the stabilising e�et of the arti�ial hemial potential in

the Lee�Fisher model, where β and β
A

are de�ned di�erently, an alternative
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form of µ
A

, one with the orret units, is proposed:

µ
A

= 2β
A

ϕ (̺l − ̺v)
3

for ϕ < 0. (18)

2.2.2. Moment method boundary ondition

The moment method is a general methodology for imposing marosopi

boundary onditions within the lattie Boltzmann framework. As an exten-

sion of the work by Noble et al. [30℄, Bennett [3℄ suggests to �nd the unknown

distribution funtions at boundary nodes from physially meaningful hydro-

dynami moments. For a typial two-dimensional lattie with nine veloity

diretions (see Fig. 1 for a visualisation at a south wall), the hydrodynami

moments of density, momentum and momentum �ux are given by

Π0 = ̺

= f0 + f1 + f2 + f3 + f4 + f5 + f6 + f7 + f8, (19a)

Πx = ̺ux

= f1 − f3 + f5 − f6 − f7 + f8, (19b)

Πy = ̺uy

= f2 − f4 + f5 + f6 − f7 − f8, (19)

Πxx = p + ̺uxux − 2η ∂xux +O(τ 2)

= f1 + f3 + f5 + f6 + f7 + f8, (19d)

Πxy = ̺uxuy − η (∂xuy + ∂yux) +O(τ 2)

= f5 − f6 + f7 − f8, (19e)

Πyy = p + ̺uyuy − 2η ∂yuy +O(τ 2)

= f2 + f4 + f5 + f6 + f7 + f8, (19f)
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Figure 1: Two-dimensional lattie stenil with nine veloity diretions (D2Q9); unknown

inoming distribution funtions (solid lines) at the south boundary of a omputational

domain (grey box)

where the pressure p is the ideal gas pressure: p = c2s̺.

At a �at boundary aligned with grid points, these moments an be grouped

together aording to ombinations of the inoming distribution funtions

(see Tab. 1). Moments in di�erent groups are linearly independent. There-

fore, to �nd the unknown distribution funtions at a boundary, we an pik

one moment from eah group, impose a onstraint (boundary ondition) upon

eah, and then solve for the inoming variables. We wish to impose no-slip

and no tangential stress onditions at a solid wall, so it is suggested to selet

Πx, Πy, and ΠTT , where TT denotes the omponent tangential to the wall.

We must also respet the variable transformation given my Eq.(2). The no-

slip ondition ditates Πx = Πy = 0. By taking the �rst order moment of

Eq. (2), the boundary onditions for Π̄x and Π̄y are Π̄α = −∆tFα/2, for

α ∈ {x, y}. If we impose a zero tangential stress ondition (as one would for

a Newtonian �uid) then ΠTT = Π̄TT = Πeq
TT = p. Solving the system for a
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Table 1: Moment groups for plane horizontal boundary onditions (BC) with orrespond-

ing unknown distribution funtions (adopted from [3℄)

South BC North BC Moments

f2 + f5 + f6 f4 + f7 + f8 Π0, Πy, Πyy

f5 − f6 f8 − f7 Πx, Πxy

f5 + f6 f7 + f8 Πxx

south wall leads to:

f̄2 = f̄1 + f̄3 + f̄4 + 2
(

f̄7 + f̄8
)

− Π̄xx− 1/2∆tFy (20a)

f̄5 = −f̄1 − f̄8 + 1/2 [p− 1/2∆tFx] , (20b)

f̄6 = f̄3 + f̄7 + 1/2 [−p− 1/2∆tFx] , (20)

where ̺ at the wall an be found in terms of known distributions:

̺ = f̄0 + f̄1 + f̄3 + 2
(

f̄4 + f̄7 + f̄8
)

− 1/2∆tFy. (20d)

In a similar manner it is possible to derive the orresponding equations for

a north wall.

2.3. Numerial test ase

The test ase whih has been employed here is a liquid drop lose to

the wall (see Fig. 2). The omputational domain is retangular with Ly =

3/5Lx = 5R0 and disretised with a uniform grid. The boundary ondition

at the north and south no-slip walls are modelled with the moment method

as introdued in Se. 2.2.2. Periodiity is implemented at the east and west
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periodicity periodicity

partially-

wetted

wall

neutrally-wetted wall

Figure 2: Geometrial representation of the omputational domain and the initialisation

of the drop lose to the wall (indiated by grey irle, not to sale)

boundaries. The domain is initialised with a zero-veloity �eld and with

̺(x) =
̺v + ̺l

2
+

̺v − ̺l
2

tanh









2

ξ

[

√

(x− 1/2Lx)
2 + (y − R0)

2 − R0

]









,

(21)

representing a irle with a smooth transition from liquid to vapour density

of the initial radius R0, whose mass entre is loated at x = (1/2Lx, R0)
T

and whose interfae width is ξ. The density distribution funtions have been

initialised with the equilibrium distribution funtion.

The saling of this system is arried out with the density ratio ̺⋆, the

non-dimensional time and ontat angle t∗ and θ∗, respetively, and the ra-

tio of arti�ial to `normal' ompressibility β
A

/β, utilising t
s

= ̺lνlLs

/σ,

θ
s

= π, and L
s

= R0. The initial radius is varied as R0 ∈ {20, 50}, the den-

sity ratio ̺⋆ ∈ {2, 5, 7, 10, 20, 50, 70, . . . , 1000000}, the nominal ontat angle

θ∗
n

∈ {1/36, 1/12, 1/6, 1/4, 1/3, 1/2, 2/3, 3/4, 5/6, 11/12, 35/36}, and the ratio of ompress-

ibilities β
A

/β ∈ {0, 1, 10, 100, 1000, 2000}.
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The kinemati visosity ν, interfaial tension σ, and interfaial width ξ

are set to

1/6, 0.002, and 4 in lattie units, respetively.

3. RESULTS AND DISCUSSION

3.1. Grid independene test

The test for grid independene has been arried out for two di�erent initial

drop resolutions and orresponding grid sizes. The results are illustrated in

Fig. 3 in terms of atual (measured) versus nominal non-dimensional ontat

angle (θ ∈ {1/36, 1/6, 1/2, 5/6, 35/36} are tested here). Sub-�gure 3(a) presents

the results for ̺⋆ = 10 and (b) for ̺⋆ = 100. It an be observed that the

solution is grid-independent as long as the simulation is numerially stable

(missing symbols indiate numerial instability). A disussion of numerial

stability and its in�uening fators is provided below. However, it is already

lear that the largest ontat angle an be obtained only with the larger grid.

3.2. Stabilising e�ets of the arti�ial hemial potential and the ollision

operators

In order to study the e�et of the arti�ial hemial potential (through the

arti�ial ompressibility β
A

), the results of various simulations are plotted in

terms of atual versus nominal non-dimensional ontat angle in Fig. 4. The

density ratios are 10 (a), 200 (b), and 1000 (). It is stressed that missing

symbols indiate numerially unstable simulations. An exellent agreement

is observed in all but the most extreme ontat angles. The range of stable

ontat angles is ertainly su�ient for most industrial appliations. It is

worth mentioning that previous works ould not even ahieve extreme on-

tat angles [6, 5, 41, 27, 36℄. For very large density ratios it an be observed
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Figure 3: Grid independene test for ̺⋆ = 10 (a) and ̺⋆ = 100 (b) with β
A

/β = 100, and

various numbers of grid points within the initial drop radius
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that the range of numerially stable ontat angles beomes smaller, whereby

it shall be noted that neutral wetting remains stable for all arti�ial om-

pressibilities at larger density ratios.

The stabilising e�et of the arti�ial ompressibility is visualised in Fig. 5,

whih plots the maximum density ratio versus the nominal non-dimensional

ontat angle. The parameter is the arti�ial ompressibility β
A

. It an

be observed that it is possible to employ the boundary ondition proposed

here for density ratios up to 200 for all ontat angles under investigation.

For ases of less extreme ontat angles, the density ratio an exeed 1000,

and for neutral wetting this an be inreased to 200000. The latter fat

is quite surprising, espeially onsidering suh a large density ratio has not

been demonstrated for a multi�phase lattie Boltzmann model with wall

boundary onditions, to the best of the authors' knowledge. As already

learned from Fig. 4, there is a lower limit for stable simulations with large

arti�ial ompressibilities. The stability range for β
A

/β = 2000 is illustrated

by the grey olour. The lower limit for β
A

/β = 100 is ̺⋆ = 10, whih has not

been illustrated here in order to keep the �gure lear. Hene, it is suggested

to hose the numerial value of β
A

depending upon the density ratio in order

to obtain optimal stability onditions. These results suggest the following

heuristi onditions:

β
A

=



























0, for ̺⋆ < 10

100, for 10 ≤ ̺⋆ < 100

2000, for 100 ≤ ̺⋆ < ̺⋆
max

.

(22)
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A

∈ {0, 100, 2000}: (a) ̺⋆ = 10, (b) ̺⋆ = 200, () ̺⋆ = 1000
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3.3. Temporal development of the veloity �eld

The temporal development of the maximum non-dimensional veloity for

test ases with a density ratio of 100 is visualised in Fig. 6. It an be observed

that the veloity dereases but approahes a periodi behaviour. We believe

that the reason for the periodiity is due to likely asymmetri in�uenes of the

arti�ial hemial potential leading to slight fore imbalanes. A thorough

analysis of this phenomena is left for future researh. However, for pratial

�ow appliations, where the average �ow non-dimensional �ow veloity is of

the order of 10−2
, these numbers are more than four orders of magnitude

lower. Shih et al. [36℄ reported also spurious urrents of the same order of

magnitude.

4. SUMMARY

A partial wetting boundary ondition for the lattie Boltzmann equation

method has been proposed in this manusript. It has been demonstrated

that the arti�ial hemial potential inreases the numerial stability of the

system signi�antly. Moreover, by utilising the moment method for the un-

known (inoming) distribution funtions at a boundary allows us to onstrut

onsistent onditions by virtue of the physial hydrodynami moments of the

distribution funtions.

Our simulations reveal an initial drop radius to interfae width ratio of

�ve is su�iently large to obtain aurate, grid-independent, results. How-

ever, for large density ratios and low arti�ial ompressibilities an inrease

in the grid resolution is required. The arti�ial hemial potential leads to

a signi�antly stabilised numerial sheme and allows density ratios of up to

19



10
−12
    

10
−10
    

10
−8
    

10
−6
    

10
−4
    

10
−2
    

 0  500  1000  1500  2000  2500  3000  3500

m
a
x
im

u
m

 n
o
n

−
d

im
e
n

si
o
n

a
l 

v
e
lo

ci
ty

non−dimensional time

non−dimensional
 contact angle

1/6
3/6
5/6

Figure 6: Temporal development of the maximum non-dimensional veloity with ̺⋆ = 100,

and various ontat angles (t
s

= ̺lνlR0/σ)
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200 for any ontat angle. This ratio an be inreased to the order of O(103)

for less extreme ontat angles. More surprising still is the maximum density

ratio for neutral wetting onditions, whih is 200000. The model does not

eliminate spurious urrents entirely, but they are reasonably small in mag-

nitude. We believe their ourrene is due to slight fore imbalanes in the

arti�ial hemial potential. Further work shall deal with the redution of

the spurious urrents and the extension to urved boundaries.
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NOMENCLATURE

Symbol Meaning Unit

Latin symbols

cs speed of sound in LB units lu/ts

Cq ollision term

eq mirosopi veloity vetor in LB units: eq ∈ V lu/ts

f, f̄ density distribution funtion, modi�ed distribution funtion kg/m3

F fore N

Fq fore term

L length m

n unit normal vetor

p pressure N/m2

q, Q veloity diretion with q ∈ {0, 1, . . . , Q− 1}

R radius m

t time s

u veloity vetor: u = (ux, uy, uz)
T m/s

wq weighting fators for veloity diretions q

x loation vetor: x = (x, y, z)T m

Greek symbols

β, β
A

ompressibility, arti�ial ompressibility Nm10/kg4

η dynami visosity kg/(m s)

θ ontat angle rad

κ interfaial tension parameter Nm6/kg2

µ hemial potential J/mol

ν kinemati visosity m2/s

Πi moment of a distribution funtion with i ∈ {0, α, β, . . .}

̺ density kg/m3

σ interfaial tension N/m

τ relaxation time in LB units ts

ϕ phase index

ξ interfae width m
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Symbol Meaning

Subsripts

0 initial

b bulk

l liquid

s solid

s saling value

th theory

v vapour

Supersripts

∗
non-dimensional quantity

⋆
ratio of liquid and vapour values of a given quantity, e. g., ̺⋆ = ̺l/̺v

eq equilibrium

T transpose

Aronyms

LBM lattie Boltzmann method

SRT single-relaxation time

REFERENCES

[1℄ C.K. Aidun and J.R. Clausen. Lattie-boltzmann method for omplex

�ows. Annual Review of Fluid Mehanis, 42:439�472, 2010.

[2℄ A. Banari, C. Janssen, S.T. Grilli, and M. Krafzyk. E�ient GPGPU

implementation of a lattie Boltzmann model for multiphase �ows with

high density ratios. Comput. Fluids, 93:1�17, 2014.

23



[3℄ Sam Bennett. A Lattie Boltzmann Model for Di�usion of Binary Gas

Mixtures. PhD thesis, University of Cambridge, Cambridge, 2010.

[4℄ Sam Bennett, Pietro Asinari, and Paul J. Dellar. A lattie Boltz-

mann model for di�usion of binary gas mixtures that inludes dif-

fusion slip. Int. J. Numer. Meth. Fluids, 69:171�189, 2012. doi:

doi:10.1002/�d.2549.

[5℄ A. J. Briant, A. J. Wagner, and J. M. Yeomans. Lattie Boltzmann

simulations of ontat line motion. I. Liquid-gas systems. Phys. Rev. E,

69(3):031602, 2004. doi: 10.1103/PhysRevE.69.031602.

[6℄ A.J. Briant, P. Papatzaos, and J.M. Yeomans. Lattie Boltzmann sim-

ulations of ontat line motion in a liquid-gas system. Phil.Trans. Royal

So. A:, 360(1792):485�495, 2002.

[7℄ S. Chapman and T. G. Cowling. The mathematial theory of non-

uniform gases. Cambridge University Press, Cambridge, 3 edition, 1970.

[8℄ Shiyi Chen and Gary D. Doolen. Lattie Boltzmann method for �uid

�ows. Ann. Rev. Fluid Mehanis, 30:329�364, 1998. doi: 10.1146/an-

nurev.�uid.30.1.329.

[9℄ P.-G. de Gennes, F. Brohard-Wyart, and D. Quéré. Capillarity and

Wetting Phenomena: Drops, Bubbles, Pearls, Waves. Springer-Verlag,

Berlin, Heidelberg, 2004.

[10℄ N. Delbos, J. L. Summers, A. I. Khan, N. Kupur, and C. J. Noakes. Op-

timized implementation of the Lattie Boltzmann Method on a graph-

24



is proessing unit towards real�time �uid simulation. Comput. Math.

Appl., 67:462�475, 2014.

[11℄ G. Falui, S.Ubertini, and S. Sui. Lattie Boltzmann simulations

of phase�separating �ows at large density ratios: the ase of doubly

attrative pseudo potentials. Soft Matter, 6:4357�4365, 2010.

[12℄ D. Grunau, S. Chen, and K. Eggert. A lattie Boltzmann model for

multiphase �uid �ows. Physis of Fluids A, 5(10):2557�2562, 1993.

[13℄ Andrew K. Gunstensen, Daniel H. Rothman, Stéphane Zaleski, and Gi-

anluigi Zanetti. Lattie Boltzmann model of immisible �uids. Phys.

Rev. A, 43(8):4320�4327, 1991. doi: 10.1103/PhysRevA.43.4320.

[14℄ A. Hantsh and U. Gross. Numerial Simulation of Falling Liquid Film

Flow on a Vertial Plane by Two-Phase Lattie Boltzmann Method. J.

Engineering, 2013:484137, 2013. doi: 10.1155/2013/484137.

[15℄ X. He and G.D. Doolen. Thermodynami Foundations of Kineti The-

ory and Lattie Boltzmann Models for Multiphase Flows. J. Statistial

Physis, 107:309�328, 2002.

[16℄ X. He, Q. Zou, L.-S. Luo, and M. Dembo. Analyti solutions of simple

�ows and analysis of nonslip boundary onditions for the lattie Boltz-

mann BGK model. Journal of Statistial Physis, 87(1-2):115�136, 1997.

[17℄ X. He, S. Chen, and G.D. Doolen. A novel thermal model for the lattie

Boltzmann method in inompressible limit. J. Computational Physis,

146:282�300, 1998.

25



[18℄ Xiaoyi He and Li-Shi Luo. Theory of the lattie Boltzmann method :

From the Boltzmann equation to the lattie Boltzmann equation. Phys.

Rev. E, 56:6811�6818, 1997. doi: 10.1103/PhysRevE.56.6811.

[19℄ Xiaoyi He, Xiaowen Shan, and Gary D. Doolen. Disrete Boltzmann

equation model for nonideal gases. Phys. Rev. E, 57:R13�R16, 1998.

doi: 10.1103/PhysRevE.57.R13.

[20℄ T. Inamuro, N. Konishi, and F. Ogino. Galilean invariant model of the

lattie Boltzmann method for multiphase �uid �ows using free-energy

approah. Computer Physis Communiations, 129(1):32�45, 2000.

[21℄ T. Inamuro, T. Ogata, S. Tajima, and N. Konishi. A lattie Boltzmann

method for inompressible two-phase �ows with large density di�erenes.

J. Comp. Physis, 198(2):628�644, 2004.

[22℄ Didier Jamet, David Torres, and J. U. Brakbill. On the the-

ory and omputation of surfae tension: The elimination of par-

asiti urrents through energy onservation in the seond-gradient

method. J. Computational Physis, 182(1):262 � 276, 2002. doi: DOI:

10.1006/jph.2002.7165.

[23℄ A. Kuzmin, A.A. Mohamad, and S. Sui. Multi-relaxation time lattie

Boltzmann model for multiphase �ows. Int. J. Modern Physis C, 19

(6):875�902, 2008.

[24℄ S. Lelaire, M. Reggio, and J.-Y. Trépanier. Progress and investigation

on lattie Boltzmann modeling of multiple immisible �uids or om-

26



ponents with variable density and visosity ratios. J. Computational

Physis, 246:318�342, 2013.

[25℄ Rodrigo Andrés Ledesma Aguilar. Hydrophobiity in apillary �ows.

Dynamis and stability of menisi, thin �lms and �laments in on�ned

geometries. PhD thesis, Universitat de Barelona, 2009.

[26℄ T. Lee and P. F. Fisher. Eliminating parasiti urrents in the lattie

Boltzmann equation method for nonideal gases. Phys. Rev. E, 74(4):

046709, 2006. doi: 10.1103/PhysRevE.74.046709.

[27℄ T. Lee and L. Liu. Wall boundary onditions in the lattie Boltzmann

equation method for nonideal gases. Phys. Rev. E, 78:017702, 2008. doi:

10.1103/PhysRevE.78.017702.

[28℄ T. Lee and L. Liu. Lattie Boltzmann simulations of miron-sale drop

impat on dry surfaes. J. Comp. Physis, 229(20):8045�8063, 2010.

[29℄ Taehun Lee and Ching-Long Lin. A stable disretization of the lattie

Boltzmann equation for simulation of inompressible two-phase �ows at

high density ratio. J. Comp. Physis, 206(1):16�47, 2005. doi: DOI:

10.1016/j.jp.2004.12.001.

[30℄ David R. Noble, Shiyi Chen, John G. Georgiadis, and Rihard O.

Bukius. A onsistent hydrodynami boundary ondition for the lat-

tie Boltzmann method. Physis Fluids, 7(1):203�209, 1995. doi:

10.1063/1.868767.

[31℄ A. Prosperetti and G. Tryggvason, editors. Computational Methods for

Multiphase Flow. Cambridge University Press, Cambridge, 2007.

27



[32℄ T. Reis and T.N. Phillips. Lattie Boltzmann model for simulating

immisible two-phase �ows. J. Physis A, 40(14):4033�4053, 2007.

[33℄ D.H. Rothman and J.M. Keller. Immisible ellular-automaton �uids.

J. Statistial Physis, 52:1119�1127, 1988.

[34℄ M. Sbragaglia, R. Benzi, L. Biferale, S. Sui, K. Sugiyama, and

F. Toshi. Generalized lattie Boltzmann method with multirange pseu-

dopotential. Phys. Rev. E, 75:1�13, 2007.

[35℄ X. Shan and H. Chen. Lattie Boltzmann model for simulating �ows

with multiple phases and omponents. Phys. Rev. E., 47:1815�1819,

1993. doi: 10.1103/PhysRevE.47.1815.

[36℄ Ching-Hsiang Shih, Cheng-Long Wu, Li-Chen Chang, and Chao-An Lin.

Lattie Boltzmann simulations of inompressible liquid�gas systems on

partial wetting surfaes. Philosophial Transations of the Royal So-

iety A: Mathematial,Physial and Engineering Sienes, 369(1945):

2510�2518, 2011. doi: 10.1098/rsta.2011.0073.

[37℄ K. Sun, T. Wang, M. Jia, and G. Xiao. Evaluation of fore implemen-

tation in pseudopotential-based multiphase lattie Boltzmann models.

Physia A, 391(15):3895�3907, 2012.

[38℄ Mihael R. Swift, W. R. Osborn, and J. M. Yeomans. Lattie Boltzmann

simulation of nonideal �uids. Phys. Rev. Lett., 75(5):830�833, Jul 1995.

doi: 10.1103/PhysRevLett.75.830.

[39℄ A.J. Wagner. The origin of spurious veloities in lattie Boltzmann. Int.

J. Modern Physis B, 17(1-2):193�196, 2003.

28



[40℄ G. Wellein, Y. Zeiser, G. Hager, and S. Donath. On the single proessor

performane of simple lattie Boltzmann kernels. Comput. Math. Appl.,

35:910�919, 2006.

[41℄ Y.Y. Yan and Y.Q. Zu. A lattie Boltzmann method for inompressible

two-phase �ows on partial wetting surfae with large density ratio. J.

Comp. Physis, 227(1):763�775, 2007.

[42℄ Dazhi Yu, Renwei Mei, Li-Shi Luo, and Wei Shyy. Visous �ow om-

putations with the method of lattie Boltzmann equation. Progress in

Aerospae Sienes, 39(5):329�367, 2003.

29


